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The efficient solution of two- and three-dimensional Poisson- ard Helmholtz-type equaticns
on the sphere with multigrid methods is the subject of this work. The strong anisotropic
behavior of the Laplacian in spherical coordinates poses severe requirements on the retaxation
procedures, in order to attain a full muitigrid effectiveness. The introduction of a new tech-
nique, combined relaxation, results in high efficiency. even in cases with varying anisotropy
direction, where alternating line or plane relaxations would normally be required. The com-
bination of this new relaxation technique with semi-coarsening strategies is also studied. Even
for moderate grid sizes, the multigrid solvers developed are shown to be competitive with two-
dimensional, direct fast solvers, in cases where the latter can be applied. The optimal com-
putational complexity of the multigrid methods, their broad applicability {in contrast to fast
direct solvers), and their high efficiency, also in three spatial dimensions, make these methods
very interesting for applications. € 1991 Academic Press. Inc.

INTRODUCTION

The solution of elliptic equations in spherical geometries is of interest for many
applications, for example, in astro- and geophysics. We describe in this work the
development of efficient multigrid solvers for two- and three-dimensional Poisson-
and Helmholtz-type equations on the sphere. The crucial problems one has to deal
with when solving these equations are the singularities and the strong anisotropy
of the Laplacian in spherical coordinates. These problems lead to the requirement
for special multigrid components, without which one would be far awav from
reaching the full efficiency of the method.

The treatment of singularities already begins with the discretization, since the
Laplacian in spherical coordinates is not formally defined there. Through the use of
finite volume techniques, a discrete equation is naturaily derived at these points. In
addition to that, the obtained second-order discretization is counservative and can
be symmetrized easily. This property also aflows for the analytic derivation of
discrete compatibility conditions for the Poisson equation in the sphere {with pure
Neumann boundary conditions) and on the surface of a sphere. These conditions
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(analogous to the continuous ones) must be satisfied in order to ensure that the
discrete set of equation possesses a solution.

An essential part of the multigrid method is the process of error-smoothing, since
(only) a smoothed error can be well approximated on a coarser grid. For isotropic
problems one can normally achieve a good smoothing by using standard (suitable)
pointwise relaxation procedures (like Gauss—Seidel, SOR, etc.). It is well known
that this is no longer true if the problem is anisotropic, for which more
sophisticated relaxation methods (such as line, or even plane, relaxation for some
3D problems) are required (e.g., [7, 13, 15]).

The elliptic problems in spherical coordinates treated here are all highly
anisotropic. Depending on the mesh size relations, the anisotropy even changes its
direction inside the domain, leading to poor smoothing properties of usual line (or
plane in 3D) relaxations. Expensive alternating line (plane) relaxations should then
be used (cf., [7, 131).

Instead of using these alternating-type relaxation methods, we propose a new
technique, combined relaxation. In this procedure, the domain is subdivided
according to a local Fourier analysis, so that in each subdomain the anisotropy
direction remains unchanged. The relaxation to be used in each subdomain is then
chosen according to the local anisotropy direction. In two dimensions, the obtained
relaxation is as cheap as a usual line relaxation and has very good smoothing
properties. The same idea is extended to three dimensions and, although with a
more involved implementation, since it requires plane relaxation, also gives
significant improvements. Similar ideas about exploiting the local behaviour of the
equations were proposed in early works by Brandt [6] in the so-called “local
relaxation sweeps.” There, however, an arbitrary subdivision of the domain was
suggested (in an adaptive procedure).

As an alternative in the treatment of anisotropies in three-dimensional problems,
we investigate the use of semi-coarsening (e.g., [13]), which should be useful in
order to avoid plane relaxation. We discuss the difficulties of using this technique
for varying anisotropy, where the anisotropy direction on coarser grids can change,
even if it does not change on the finest one. As a consequence, the behavior of the
multigrid method deteriorates. We show then how to combine semi-coarsening and
line relaxation on fine grids with standard coarsening and plane relaxation on
coarser grids in order to overcome these problems. With this combination, plane
relaxation (at least) on the finest grid is avoided and efficiency is improved.

The performance of the developed multigrid methods can be observed through
the presented numerical results. In order to get an impression of the efficiency, we
also made comparative tests with the well-known (based on Buneman’s reduction
method) direct fast solver of FISHPAK [1], for the 2D Poisson equation on the
surface of a sphere. Both methods are comparable for medium-sized problems,
while the better complexity of the multigrid method (with a computational work
proportional to the number of unknowns) leads to a better performance of this
method on finer grids. Another point is that, in contrast to the restricted
applicability of fast direct solvers, the multigrid method can be used in more
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general situations (e.g., for the Helmholtz-type equations in [4, 5]) and, as we
show in this work, is extendable (maintaining efficiency) to 312 problems in spheri-
cal coordinates. (No special assumptions are made in the three-dimensional case.
For the special situation of axisymmetry, when the problem can be reduced to 1wo
dimensions, an efficient multigrid method has been presented in [117.}

Throughout this paper we assume that the reader is familiar with multigric
terminology. For those who are not, we refer to {7, 10, 137, where complete
descriptions of the method and its variants can be found. The paper is divided as
foliows. A description of the discretization used is given in Section 1. Section 2 is
dedicated to problems on the surface of a sphere. The combined relaxation is
introduced in this section. The three-dimensional problem is treated in Section 3.
We first analyze the use of standard coarsening techniques and show the necessity
for using plane relaxation. The extension of combined relaxation to three
dimensions is described and a number of numerical experiments are presented.
Semi-coarsening strategies are also discussed. Concluding remarks are given in
Section 4.

1. DISCRETIZATION

We derive in this section a discretization for the Poisson equation on the sphere:
du=f in Q={(x,yznx+*+"<1},
with Neumann boundary conditions

cu

E:g in 00

A discretization for the Poisson equation (with periodic boundary conditions) on
the surface of the sphere will also be obtained.
We apply the orthogonal transformation

x(r, ¢, 8)=rsin ¢ cos §
D= y(r,d,0)=rsin¢sin 8
zo(r,d,8)=rcos ¢

to map the region Q%= {(r, ¢, 0): 0<r<1, 0<9d<m 0<H<2n} onto the unit
sphere. See Fig. 1.
The transformed Laplacian is written in spherical coordinates as:

4 18<’a>+—“1 C (sing S) e i & ()
=t Fr — " - - . a3 i
2 or\’ or) rising d¢ sm¢@¢) r? sin® ¢ 89° v

For the equation on the surface of the sphere, we set »=1 and eliminate the first
term in the expression for the Laplacian (the region 2* becomes two-dimensional ).
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Fic. 1. Computational and physical domains.

For the full sphere, the following computational grid is defined in Q%*,
G¥={(r;, ¢;,0,):i=0,.,N,, j=0,..,N;, k=0, .., Ny}, (1.2)

with r, =ih,, ¢, = jhy, 0, =kh,, and where the mesh sizes are given by h,=1/N,,
hy,=n/N4, and hy=2n/N,. The quantities N,, N, and N, are chosen, in order to
allow usual coarsening strategies, as powers of two or as small prime numbers (3
or 5) times a power of two. The computational grid on the surface of the sphere is
obtained through the restriciton r=1. We remark that to each singularity (where
the determinant of the Jacobian of the transformation vanishes) there corresponds
a whole line or plane in the computational domain. Points corresponding to a
singularity are then naturally identified (see Fig. 1).

In order to obtain a finite volume discretization, we divide the computational
domain into control volumes (cells), each of them corresponding to a grid point

(ri’ ¢j: ek):

h, h, h h h h _
QF k= ([r,- — 5T +7] X [qs, —7¢, ¢, +7¢] X [ek—?", 0k+7"]> NnQ*  (1.3)

See Fig. 2. The cell faces are denoted, for example, as:

h, hy hy hy hg
F;kil,'?,j,k=rii5x |:¢j_7a ¢j+7] x [Hk_7s 9k+7 . (1.4)
P
. e .
Q% F;+%-’¢ . in,k . R T
. . Ziy Yk:
I : L
Ty © Tay
Q* Q

F1G. 2. Control volumes and their faces.
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The faces I'};, ,~ and I'}; ., are defined similarly. {Near the boundary of 2*
we have half cells, quarter cells, ....) In an analogous way we define the cells in the
two-dimensional case (on the surface of the sphere). Through the mapping & we
obtain the “physical” (on the sphere) grid G, = ®(G#), cells (2, ;, = P(QF,,)), and
their faces. This transformation is sketched in 2D in Fig. 2.

Remark. The smaller cells QF;, and QF, . actually correspond to the same
physical grid peint (due to the periodicity in the #-coordinate). These cells are then

joined to form just one cell around this grid point.

We now derive the discrete equations at nonsingular points. For the sake of
simplicity we restrict the description to two dimensions {on the surface of the
sphere). At a point (¢, 0,) (with 1 <j<N,—1 and 1 <k <Ny, see remark above
for k= N,), we integrate

Au=V -Vy=f

over the corresponding control volume. By the divergence theorem, one obtains

J‘Q-kAu=JlCQ Vun=1 £

C2k J-Q/»ﬂ'

with n denoting the outward unity normal vector. Using the inverse of the mapping
& and its orthogonality, we have

] i o Cu . Cu
; Au= SIH¢T—J Sln¢"-l
TS LY o e, Tl

1 du ¢ 1 du

+ : T_'J' YT

Iike12 Sln¢'06 I‘j‘k7” Slﬂgﬁ(’é}

Fach of the line integrals is then approximated by the midpoint rule and the
derivatives involved on it by central differences. For example,
., 0 ) o1s By —uld;, 9,
r 5m¢l=h9 Sin ¢, 1, e A.) alZ “-
ek a ' g
The integration of the right-hand side fis also accomplished through the midpoint
rule,

fzf(¢js 0c) Vi

Q].k

where V, = hgyh, sin ¢; approximates the volume of the cell. We obtain all together
the five-point star,

129 hyithg sing)) /76 3
[7— sing,_,, —3, — sin j+1/2J U p=hphysing f,,, (1.5}
19 hy/thgsing) '@

where ¥ denotes the sum of the four neighbours.
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We come now to the treatment of the singularities. To each of them correspond
more than one point on the computational domain, which must be identified.
The integration of the equation is now performed over all corresponding cells at
once. At the north pole P, (where ¢#=0) we obtain (with the definition

Q():(p(U/ICVH:o 3‘,/())’

No

. Np
J du= ) du= Y hgsing,,
20 1

k=0 "Q04 k=

u(dy, 0,)—u(Py)
hy

B

where we again use the midpoint rule in the line integrals and central differences to
approximate derivatives. The periodicity in the f-coordinate was also used to join
the two quarter cells £, , and €, ,, into a half cell like the others. By discretizing
the right-hand side as

[ f=1Pavy=sp o 2sin g,

we obtain

Ng

h ;
> i sin @,,(u(9,, 0,) —u(Py)) = f(Py)m % sin ¢y, =f(Py)Vy.  (16)
k=1

Analogously, at the south pole one obtains

Ny

hy .
Z h_Z sm ¢N¢7 1/’2(”(¢N¢~ 15 0) —u(Ps))
k=1

=SR2 sin by 1= [PV (17)

There are several important remarks to be made:

(a) Integrals on faces common to two cells are approximated in the same
way by the discretization in each of them. This is important for obtaining a conser-
vative discretization. Another consequence is that the final discretization on the
surface of the sphere is symmetric.

(b) At nonsingular grid points, the discretization is virtually identical to a
central difference discretization (up to a multiplicative factor, which depends on the
grid point being considered). However, central differences cannot be directly
applied to discretize the equation at singularities.

(c) The last remark already shows that the discretization is second order at
nonsingular points. It is easily shown by Taylor’s expansions that second order is
also achieved at the poles.

(d) In order that the Poisson equation has a solution on the surface of the
sphere, the right-hand side f has to satisfy the compatibility condition f, f=0. The
solution is then unique just up to a constant. The discrete equation preserves these
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properties. The symmetry of the discretization is quite useful in deriving the discrete
compatibility condition that must be fulfilled. Since in each discrete equation the
sum of the coefficients equals zero, the constant function belongs to the kernel of
the discretization matrix. By elimination of one row and one column of this matrix.
a diagonally dominant and irreducible matrix is obtained and, therefore, the
constant function spans the kernel of the discretization matrix. This shows that the
discrete solution is unique up to a constant, when it exists. In order for a solution
to exist, the discrete right-hand side has to be orthogonal (in the Euclidian inner
product) to the kernel of the adjoint of the discretization matrix. Due to the sym-
metry of the matrix, the constant function also spans this kernel. The compatibility
condition then just says that the sum of all right-hand sides have to be zero. This
means that 3. f; ¥, =0, which is a second-order approximation to the continuous
compatibility condition o/ =3 fo , f=0.

(e} Normally, the discrete compatibility condition will note be fulfilled, even
when the continuous condition is. The right-hand side must then be modified in
order to ensure the existence of a solution to the discrete problem. With 7, =
£V« we have the following compatibility condition: (£, 1) =0 (which wili
normally be satisfied only up to an O(h?) term). By modifying F as F=
F—({F, 1>/{v, 1>)v (with any function v), one will obtain the fulfitnent of the
condition. One has, however, to be careful of the choice of v, in order not to destroy
the order of accuracy. Concentrating the correction on just one grid point, for
example, would lead to inconsistency of the discretization there. Two possible
choices are to take v=1or v, , =V, ,, which would correspond to changes of order
O(h*) in f at each point, keeping the discretization secend order. Our choice wiii
be v, , =V, ,, equivalent to the addition of a constant to the right-hand side /.

ije

(fy The discretization (1.5)-(1.7) has already been used in [147] {with {1.5)
in finite difference form). The discrete compatibility condition and the necessity of
modifying the right-hand side in order to obtain a solution were also discussed
there. However, the order of consistency of the discretization and the influences of
the perturbation of the right-hand side on it were not analyzed in that work. We
include here the whole derivation of the discretization in order to consider it within
the framework of finite volumes, which furnish a simple way of treating the
singularities and of achieving a conservative, symmetric second-order discretization.
The treatment of compatibility conditions is also trivial in this framework. The
same techniques are applied in three dimensions; it is merely for convenience that
we present a detailed description only in two dimensions.

We come now to the three-dimensional discretization on the sphere, which is also
obtained by finite volume techniques as in the two-dimensional case. At a non-
singular point (r;, ¢,, ,) we get the seven-point star,

N

Ag ) Arsing;ry o ] —Er AB
[ . Aysing, o —Y  Agsing;,. . | = Us ik
sin ¢; Apsing,r 1y 810 ¢ 1

= f, xrisinghh by, i1

(o)
e
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where Ag=hyh,/he, Ay=hoh,[hy, A,=hghy/h,, and Y denotes the sum of the
neighbours. One obtains at inner points on the north pole-south pole axis P; =
(r;, ¢, 0) (with ¢ =0 or ¢ =n),

nh
2h¢ “‘(r,H,,(u(P,-H)—u(P,->>+rf,1,vz(u(P,-4)—u(P,-m
. hy No
+A¢Sln_ Z ( (15¢=0k (P))
2 k=1
= % f(P)nrih,h,sin %"1 (19)

where ¢ =h, (if $ =0) or § =n — h, (if  =n). At the origin P, = (0, 0, 0), we obtain

No Ny—1

‘tlo

Z Z sin ¢] ’17 ¢j: 9&)_u(PO))
k=1 j=1
nh, e (u(r(, 0,0) — 2u(Py) + u(r,, 7, 0))
B 7'ch¢hfS
= f(Py) TR (1.10)

where S=sinhy/2/2+ 37" sin ¢;. At nonsingular boundary points one obtains

= (L, ¢;, 0i),

Ay . " Ag
Agsing; -y Agsing; 1p | = | ¥k
sin ¢, Arsing((1 = A72)2 + (1 + Ay2)%) 45N ¢; o

= fixsindhyh hg—2h, A, sin g, (1+h,/2)° g, (L.11)

and at the poles Py = (1, ¢, ) (with ¢=0 or ¢=m),

NS A
e i 2 ((1-2) +(1+2) )(u(PN,I)—u(PN,))

Np

+A¢smh7 Y. (u(1, 4, 0)—u(Py,))

k=1

=—f(PN hy 5 (L+h/27g(Py),  (112)

h

where g =h, (if $=0) or §=n—h, (if $=mn).

In the discretization at boundary points we have already incorporated the
boundary conditions. An extension of the control volumes to the outside of the
domain was used to obtain a discrete equation like (1.8). It involves, however, a
(ghost) point outside the domain. In the usual way of treating Neumann boundary
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conditions, the outer normal derivatives (in the r-direction) were approximated
through central differences. At a point P= (1, ¢,, 8,) the approximation is

2u_u(l+hy, 0 —u(l—hy, 4, 8)

7

an 2k,

= g(P).

The expression obtained for the ghost point, u(1+4,,¢;, 6. )=ull —4h,, ¢, 9,3+
2h.g(P), is then substituted in the equation at the boundary, leading to {I.11}
Discretization (1.12) is obtained analogously, departing from a discretization like
{1.9).

The final discretization has at every point the order of consistency two. This is
proved again by using Taylor’s expansions [3].

We point cut that the final discretization is not symmetric, due to the treatment
of the boundary conditions. It can, however, be easily symmetrized by multiplying
each equation at boundary points by (1 —#,/2)*/{((1—h,/2)*+ (1 +k,2)*). The
new discretization matrix is then symmetric and the considerations about com-
patibility conditions from the two-dimensional case are still valid. In particular, it
becomes trivial to obtain the discrete compatibility condition, which is now a
second-order approximation to the continuous one {, f ~{ong=0(see [3] for a
proof).

Once the complete discretization is obtained, one can use an equivalent formula-
tion of it, such as the finite difference form at nonsingular points {obtained {rom the
finite volume discretization through division by the approximated cell volurnes).
This actually has the effect of destroying the symmetry of the discretization, but this
is not important for methods such as multigrid (for some other methods one would
naturally prefer the symmetric form). In our multigrid solvers we are actually going
to use an cquivalent formulation of the equations, obtained by scaling each
cquation as follows. On the surface of the sphere we multiply

h 2k
1.5 by —2— 1.6)and (1.7) by ——2— (1.13)
(13) yhg sin ¢, (16) and{ )bynsin hyi2
and in the three-dimensional case we multiply
h
1.8) and (1.11) by —2— (1.10) b ;
(18)and (LI by, m iy (HOby =%
1 ;“/\"?
2h
1.9) and (1.12) by ———2&—.
(1.9) and ( )bynh,sinhw’Z

2. MULTIGRID METHODS ON THE SURFACE OF A SPHERE

We present in this section a multigrid solver for a model elliptic equation on the
surface of the sphere, the Poisson equation with periodic boundary conditions. This
solver can be easily adapted to treat other Poisson-type problems, such as the
Helmholtz equations treated in Section 3.4.
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The Poisson equation is discretized according to (1.5)—(1.7) and (1.13), including
the nertuirhatinn of tha richt.hand cide in nrder ta catiefu the diccrete rammnatihility

constructed as [ollows:

(a) Grids and coarsening. The finest grid is defined by (1.2) (restricted to the
surface of the sphere), while the coarser grids are obtained by successively doubling
the meshsizes of the finest grid (standard coarsening, e.g., [137]). The coarse grid
operators are defined in the same way as on the finest grid.

(b) Transfer operators. Residuals are transfered from finer to coarser grids by
a (transformed) full-weighting operator (e.g., [7]). At nonsingular grid points it is
defined by the star (with (¢;, 0,) denoting the corresponding fine-grid point at
which the transfer takes place):

— - . -
sin ¢; sin g, ,
sin ¢; sin ¢;
1 sin @, _ sin ¢,
S| 2= 42— (2.1)
4 sin ¢; sin ¢,
sing; sin g, ,
sin ¢; sin ¢;

At the poles we need a special definition of this operator. It is derived in such a
way, that the transferred residuals will automatically satisfy the discrete com-
patibility condition on the coarse grid, once the corresponding condition on the fine
grid is fulfilled. Denoting by R the residual function on the fine grid, the transferred
residual at a pole P is defined as

sin(h,/2) 4 ] _
b h R(P)+Ng 121 R($, 0,), (2.2)

2
where g =h, (if $=0) or g=n—h, (if =mn). N, is the number of grid points on
the fine grid in the 0-direction. This is an average of all residuals surrounding the
pole. Bilinear interpolation is employed to transfer the corrections from coarser to
finer grids.

(c) Relaxation. Having made the choice to use standard coarsening, we need
to find a relaxation procedure, which should rapidly reduce the high-frequency
components of the error function (related to a given approximation to the solution)
in all grid directions. Due to the strong anisotropy of the Laplacian in spherical
coordinates, especially near the poles where its coefficients in the 6-direction are
orders of magnitude greater than in the ¢-direction, usual pointwise relaxation
methods will have poor smoothing properties. Line relaxation methods should be
used in these circumstances (e.g., [13]).
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A local mode analysis can provide qualitative and quantitative information about
given relaxation procedures [7]. Through the smoothing factor u{v) one can
predict the behavior of a multigrid method, which employs v sweeps of the corre-
sponding relaxation in each multigrid cycle. One can roughly expect an overall
reduction of the error after each multigrid cycle by a factor of about p{v)” (for smak
values of v). This smoothing analysis (for problems with variable coefficients) is
performed at all grid points. Actually, the operator is frozen at each point and an
idealized constant-coefficient problem on an infinite grid is analysed instead. A
coupling between low and high harmonics (caused by some relaxations, such as
red-black and zebra-line) is taken into account by the simulation of a multigrid
cycle, which employs an ideal coarse grid correction operator, which annihilates all
low frequencies and does not affect high-frequency Fourier components. We refer 1o
T13] for a detailed description of the local analysis.

Now we present results of a smoothing analysis for some point and line relaxa-
tion methods. Other versions of these relaxations (with different ordering of grid
points) have qualitatively similar properties to the corresponding versions trected
here. For all versions considered we have for the local smoothing factor,

A v—1 I—A ~
u(v, py= sup ST (=40 514712%.

—nl<@ <2 U 2

where G} ° denotes the interior of G¥. In particular, the poles and the boundaries
are not considered in the analysis. The global smoothing factor u(v) is obtained by
taking the supremum over all local smoothing factors. The values 4, and 4,
depend on the grid point {¢;, ;) and on the frequency & = (&, &,). They take the
following values for:

point red-black relaxation:

h 2 _F
cos fcos O, + q, 75 cos 8, +icos;§ sin %sin &,
sin” n
A1<@)= qz
cos?¢+ sinl‘ {245
A(@)=A,(0,+7, 0,)
B-zebra line relaxation:
h CO /
cos2cos @,+i 59 sm&qn e,
sin ¢ 2
A1(8)= l 2
, 2
2¢+ Z ¢(I—COSO,) (2.5

Ax(O@)=A4,(0,+r, 0.}

58192725



324 SAULO R. M. BARROS

d-zebra line relaxation:

Sizz¢cos 6,
4.(0)= q; h, .cosd . h, .
Sn’ g + cos > (1—cos @,)+i o sin 75m o, (2.6)
ANO)=A4(O, @5+ ).
The value
qr=hy/he (2.7)

describes the meshsize ratio. Equations (2.3), (2.4), and (2.6) show that red—black
and ¢-zebra relaxation give a poor global smoothing. The smoothing factors
approach unity for points near the poles. On the other hand, it can be seen that
0-zebra line relaxation smooths very well if ¢, > 1. In this case we obtain u(2) <0.34
and can expect convergence factors around 0.1 for multigrid cycles employing two
sweeps of relaxation on each grid level. For smaller values of g, we get a more com-
plicated picture, since then there is a change in the anisotropy direction inside the
domain and none of the relaxations considered have good smoothing factors.
An alternating line relaxation (with a sweep of line relaxation in one direction
followed by one in the other direction) would be necessary to provide the required
smoothing [7, 13]. Tables [-IV contain the asymptotic convergence factors for

TABLE I

¥(1, 1) Multigrid Convergence Factors
with Line Relaxations when ¢, =2

Relaxation
Ny, N, #-Line ¢-Line
32,8 0.020 0.76
64, 16 0.030 0.93
128, 32 0.040 0.97
256, 64 0.045 0.98
TABLE I

V(1,1) Multigrid Convergence Factors
with Line Relaxations when g, =1

Relaxation
Ny, N, f-Line ¢-Line
32,16 0.042 0.76
64, 32 0.054 0.93
128, 64 0.059 0.97

256, 128 0.063 0.98
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TABLE 1II

{1, 1) Multigrid Convergence Factors with Line
Relaxations when g, =0.5

Relaxation
Ng, N, #-Line ¢-Line Altern. line
16.16 0.3t 0.63 0.031
32,32 036 0.76 0.031
64. 64 0.39 093 $¢.040
128. 128 0.4 0.97 0.047
TABLE IV

i1, 1) Multigrid Convergence Factors with Line
Relaxations when g; =0.25

Relaxation
Ng. Ny 9-Line ¢-Line Altern. line
8,16 0.68 0.34 0.025
16.32 0.72 0.53 03!
32,64 0.75 0.76 0.942
64, 128 0.77 0.93 C.051

Vil, 1i-cycles with various relaxations for several situations. They are in agreement
with the results of the smoothing analysis.

2.1. Combined Relaxation

It was shown in the last section, by a mode analysis and numericai experiments,
that the single line relaxation methods were not sufficient for very good multigrid
convergence factors in cases with g, < 1. There is actually no sudden deterioration
of the convergence factors when crossing the point ¢, =1, but they will graduaily
get worse with smaller values of g,. (However, for ¢, <1 it starts to be more effec-
tive to apply line relaxation in the other direction, in some parts of the domain.)
In these cases, 8-line relaxation smooths well near the poles but can not provide a
good smocthing near the equator, where the anisotropy has another direction. Only
with an alternating line relaxation, where ¢-line relaxation accounts for the good
smoothing in the region (near the equator) where 6-line relaxation does not per-
form well and vice versa, are typically good multigrid convergence factors achieved.
The major inconvenience of alternating line relaxation is its cost; it requires twice
the computational work of a single line relaxation.

1n order to overcome these deficiencies, we have developed the combined relaxa-
tion method, which explores the local information availabie. The idea is to choose
the relaxation in a determined region according to the locai behavior of the discrete
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qr=sing —

T

q=sin¢ —

9 —

Fi6. 3. Pattern of the combined relaxation for cases with ¢, < 1.

operator. In order to do this, we need to split the domain into disjoint regions such
that the anisotropy has a fixed direction inside each. In other words, we want to
apply each line relaxation only in the region in which it smooths very well. The
choice of the appropriate splitting to use is made with the aid of local mode
analysis. According to (2.3), (2.5), and (2.6), 8-line relaxation does an excellent job
(with u(2)~0.3) in regions where ¢, >sin ¢, while ¢-line relaxation is the most
effective where g, <sin ¢. We then split the domain into regions according to
whether g, =sin¢ or otherwise. The pattern of the combined relaxation is
illustrated in Fig. 3.

The practical implementation of combined relaxation is done as follows. First we
perform 6-line relaxation zebrawise (odd lines first, then even lines) on the regions
around the poles (where g, > sin ¢). Then we apply ¢-zebra line relaxation near the
equator (where ¢, <sin ¢). We note taht the tridiagonal systems now involved in
the relaxation for the ¢-direction are smaller than the original ones, due to the

TABLE V

V(1, 1) Multigrid Convergence Factors with the Combined and with
the Alternating Line Relaxation

q,=0.5 q,=025
Relaxation Relaxation
Na.. N. Altern. Combin. N..N. Altern. Combin.
64, 64 0.040 0.060 32, 64 0.042 0.073

128,128 0.047 0.064 64, 128 0.051 0.082
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TABLE VI

¥(1L, 1) Multigrid Convergence Factors per CWU with the Combined and with
the Alternating Line Relaxation

g,=05 q, =025
Relaxation Relaxation
Ny, Ny Altern. Combin. N Ny Altern. Combin.
16, 16 0.084 0.044 8, 16 0.098 0.026
32,32 0.115 0.054 16, 32 0.108 0.059
64, 64 0.142 0.060 32.64 G.151 0.073
128. 128 0.169 0.064 64, 128 0.176 0.082

restriction of the domain. The cyclic tridiagonal systems {from the 8-relaxation keep
the same size, but are now less in number. The computational cost of a whole
sweep of combined relaxation is then about the same as a single line relaxation.

The performance of the new relaxation can be observed in Tables V and VI. In
order to compare combined relaxation with alternating line relaxation we need to
take the computational work into account. This is done by choosing any measure
of work (which we call here comparative work unit-——CWU—and for convenience
define as being the CPU time required by a multigrid cycle employing combined
relaxation) and calculating the convergence factors per unit measure of work
(p" VY, where p is the actual multigrid convergence factor per cycle). The con-
vergence factors with combined relaxation coincide with the convergence factors per
CWU, due to the choice of the CWUs. The resuits of the comparison show the
superiority of combined relaxation (see Table VI).

Remark. In [2] we had already successfully used a combination of line relaxa-
tions, chosen according to local anisotropy directions. However, in that work there
was an overlapping region of both line relaxations. With combined relaxation we
go one step further, eliminating the overlap and achieving the same computationa}
costs of single line relaxations. Similar ideas were also present in works from Brandt
{6]. He suggested, however, the use of an arbitrary partition of the domain into
small subdomains. It should be determined during the program runs {in an empiri-
cal way, not based on Fourier analysis) if a relaxation on a given region should be
suppressed or not (see “partial relaxation sweeps” in [6]).

2.2. Further Numerical Experiments and Comparisons

Here we present some results using the multigrid solver in the full multigrid
{(FMG) mode {e.g., [7,13]), in order to solve a Poisson equation with enforced
exact solution sin’ ¢ sin” 0 (up to an arbitrary constant). Bicubic interpolation is
used inside the FMG procedure to transfer solutions on coarser grids to the next
finer grids. The FMG procedure solves the equations to within truncation error.
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TABLE VII

Comparative Results between the Multigrid Solver and FISHPAK
for Grids with Mesh Size Relation g, =1.0

Full multigrid FISHPAK
Ng, Ny Error CPU time Error CPU time
32,16 7.88-03 10 8.00-03 10
64, 32 2.04-03 33 2.00-03 33
128, 64 5.12-04 119 4.99-04 136
256, 128 1.28-04 453 1.25-04 590

Note. FErrors in the uniform norm and CPU times (in
milliseconds) necessary for solving the equation are presented.

For the sake of comparison we also show results (including CPU times) obtained
with the direct fast solver from FISHPAK [1], which is based on reduction
methods. We can conclude that the multigrid solver is competitive with the direct
fast solver, even in cases with varying anisotropy directions (g, =0.5). For very
fine grids the multigrid solver compares even better, since it has a superior time
complexity to that of the direct solver from FISHPAK (O(N,N,) against
O(NyN,log Ny)) (see Tables VII and VIII).

We point out that the multigrid solver presented here has a more general use
than just for the Poisson equation. Its adaption to more general Helmholtz and
Helmholtz-type equations is straightforward, with little change to the components
of the solver. We use it here, for example, to solve the Helmholtz equations related
to (4, 8)-plane relaxations, which are used for the 3D Poisson equation (see
Section 3). A multigrid method using staggered grids in the solution of similar
equations appearing in meteorological models was described in [4]. Another
application in meteorology is presented in [5].

TABLE VIII

Comparative Results between the Multigrid Solver and FISHPAK
for Grids with Mesh Size Relation ¢, =0.5

Full multigrid FISHPAK
Ny, Ny Error CPU time Error CPU time
16, 16 2.15-02 10 2.02-02 3
32,32 5.36-03 23 5.27-03 13
64, 64 1.33-03 70 1.33-03 63
128, 128 3.33-04 243 3.33-04 263

Note. Errors in the uniform norm and CPU times (in
milliseconds) necessary for solving the equation are presented.
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3. THE THREE-DIMENSIONAL P0O1SSON EQUATION ON THE SPHERE

We consider now the three-dimensional Poisson equation with Neumann
boundary conditions on the unit sphere. The equation is discretized as described
in Section 1 according to (1.8)—(1.12) and (1.14). We again enforce the right-hand
side to fulfil the compatibility condition according to remark ie) of Section !. We
start by developing multigrid methods in connection with the standard coarsening
strategy. These methods will also be of importance when examining the alternative
semi-coarsening in Section 3.7.

3.1. Mulrigrid Components for Standard Coarsening

Our finest grid is defined by (1.2); the coarser grids {constructed by standard
coarsening) have the same structure. In order to transfer residuails from finer 15
coarser grids, a (transformed) full-weighting operator is applied. With this trans-
formed operator the geometry of the sphere is taken into account and the resulting
operator has variable coefficients. It is given

at non-singular points (r, ¢, 0) by the 27-point star,

r sin{¢ —h,) ) sin(g+4,) T —,’sin(¢—hd) 4 ,}sin(¢+f4.¢)"
sing sin ¢ " sing “ sing
1 2sin(?§—h¢) 4 2sin(({5+h¢) 4sin(gfﬂ—!z¢§ g ésin(?§+h¢} 31
t6 sin ¢ sin ¢ sin ¢ sin ¢
sin(?ﬁ — ) 5 sin(¢ + i) 2 sin(¢ — A1) 43 sin{g+ 4y}
sin ¢ sing |, L sin ¢ sing  _{,
8—hgand 5+ hy <4

at interior singularities on the polar axis (r, ¢, 8) by

Z (R(r, &, kho)+ (R(r + h,, &, khp)+ Rir—h,, §. kir,}}/2)

k=1
sin(f,/2)
sin(/,)

Nq

R(r,d,0)+ (R(r+F,, 0,0+ R(r—h,, $ 63)/2), 323

with ¢ as in (2.2) and R the residual function on the fine grid:
at the origin by

Sthy) 3 (sin(h¢,"2) | o
) R0,0,0 Rih,,0,0)+ R(k,. 7.0);
1501, KOO0 g e\ T i 7 0F
Ny~ No
Z sin(jh,) ¥ > R(h,*jhwkhg‘;), (233

I=1 Yo =1
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with §=S(h,)=0.5sin(h,/2) + 3 7 " sin(jh,), with h, from the fine grid and R as
in 3.2;
at nonsingular points (1, ¢, 8) on the boundary by

25in(¢—h¢)425in(¢+h¢) " 4sin(¢-h¢)84sin(¢+h¢) ’

1 sin ¢ sin ¢ sin ¢ sin ¢ . (34)
16|  sin(¢—h,) . sin(¢ +h,) sin(p—h,) sin(¢+hy) | =
2— 42— 4— 84—
sin ¢ sin ¢ P sin ¢ sin ¢ 4
6 — hg and 0+ hg -]
and at singularities (1, ¢, 6) on the boundary by
2 M , .
~ 2 (R(1,9,khy)+ R(1—h,, ¢, khy))
NB k=1
in(#,/2
) (R(1. 4, 6)+ R(L—h,. 4, 0)) (35)

sin(h,)

The interpolation of corrections from coarser to finer grids is performed with the
aid of trilinear interpolation.

3.2. The Necessity for Plane Relaxations

When applying standard coarsening we need a relaxation procedure with good
smoothing properties in all grid directions. For Poisson-type problems with
uniform Cartesian grids, the usual point Gauss-Seidel relaxation has the desired
properties, while two-dimensional anisotropic problems require line relaxations.
However, none of these techniques provides a good smoothing in our case. The
anisotropy we have to deal with is caused by the spherical grid. The coefficients of
the transformed Laplacian differ by orders of magnitude in each coordinate
direction, especially near the singularities. This makes it necessary to use plane
relaxation in order to efficiently damp the high frequencies of the error (see [6]).
A plane relaxation is a block relaxation, where one has to solve simultaneously for
all unknowns belonging to the same grid plane. Therefore, each sweep of this
relaxation requires the solution of a series of two-dimensional problems. The
efficiency in solving these problems is crucial for the feasibility of the plane relaxa-
tion and consequently of the whole method. It is a natural idea to apply multigrid
also to the solution of these 2D problems [6]. In [15], this idea was systematically
investigated for anisotropic model operators of the type

au,, +bu,, +cu,.,

with positive constants a, b, and ¢. Ideal combinations of multigrid components for
different values of a, b, and ¢ are summarized in [15]. Important for efficiency was
the realization that only an approximate solution of the 2D problems (through just
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TABLE X

©ase L OdISCIIngE REAXAiIOn
axbxc Standard Point
axb<kc Standard =-line

akbzxc Standard {3 2)-plane
(= )-semi Point

ag<b<c Standard { v, z)-plane
(3, Z)-semi =-line

one multigrid cycle on cach plane) is required for smoothing. We repeat some
results from [15] in Table IX.

When treating the Laplacian in spherical coordinates; we have to deal with
variable coefficients; to get any insight into our problem from the results in
Table IX, we need to freeze the coefficients. Points near the singularities relate to
the last row in Table IX, which suggests the necessity of using (4, 8)-plane relaxa-
tion in connection with standard coarsening. The next section provides 2 more
careful analysis of this observation.

3.3, Smoothing Analysis

As in the two-dimensional case, the relaxations examined here couple Fourier
harmonics. The effect of a given relaxation on high frequencies is therefore analyzed
with the aid of an ideal two-grid operator, which employs this relaxation. Details
about how to perform the analysis are given in [37]. We consider a red-black 8-line
relaxation {where lines are arranged in a red-black order) and plane relaxations in
different directions. The analysis of the line relaxation (in the direction of the
stronger couplings, as normally recommended) is included to illustrate why line
relaxations do not smooth well in this case. Besides that, it will be useful when con-
sidering semi-coarsening strategies. We obtain (analogously to (2.3}) the following
local smoothing factors:

{ AT =4
2

;uil“:- p): Sup H {A2|2’ 1A3127 ‘As}lz}ﬁ PEG;‘Q’ 536}
J

—T2<&<n2
where G*° denotes the interior of G} (singularities and boundary points are not
considered in the analysis). 4; to A, are functions of @=(&,, &,, ;) and of

= {7, ¢, 8). They assume the following values in case of

red-black 0-line relaxation

N h? h , S hy \
q° /rz +-) cos @, +cos=2Lcos @, +i <q2rh, sin @, + cos ¢ sin -~ sin &, |
\" "% 2 sing 2 2
A(O)= - 3

h h
q2(r2+4>+cos 24 q,¢ {1 —cos B,}
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A4,(0)=4,(0,,0,,0,+n)

3.7)
A5(0)=4,(0,, 0,4+ 7, ;)
AO)=A4,(0,,0,+71,0;+m)
(¢, 0)-zebra plane relaxation
/72
q° (rz—i-j) cos O, +ig’rh, sin O,
4,(8)= h? h q? cos¢ . h
2f .2 r ' 7 . . é .
Zr 21— _ — Zé
q (1 + 4)+cos > ( cos@2)+sin2¢(1 cos 65) lSin¢Sln > sin 0,
4,(0)=A4,(0,,0,,0;+n)
A45(0)=4,(0,,0,+m, 03) (3.8)

AfO)=A4,(0,,0,+r, O;+7)
(r, 8)-zebra plane relaxation

h cos¢ . hy .
cos =2 cos O, +i— ¢sm-¢sm o,
2 sin ¢ 2 -

A1(9)=

h? 2 .
cos 125"1+q2 (errZ') (1—cos @lH_;rql_éZ (1 —cos @;) —ig’rh, sin @,

A4,(0)=4,(0,,0,,0,+mr)

(3.9)
A3(0)=A4,(0,+1, 0,, ;)
ANO)=4,(0,+7,0,,0;+n)
(r, §)-zebra plane relaxation
'qz cos O,
. sin® ¢
A®)=— 0 i
_qﬁ +q2(r2+—’)(1—cos@1)+cos—¢(1—cos@2)—il
sin” ¢ 4 2
A,(O)=A4,(0,+7, O,, 0
2(9) 1O+ 7, 05, 0;) (3.10)

A3(0)=4,(6,,0,+T, 0;)

g, are given by

g=hy/h, and g, =h,/h,. (3.11)
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In order to see that the O-line relaxation smooths poorly, it is enough to sub-
stitute @ ={x,2, 0, 0) in the expression for 4, in (3.7), which will approach unity
for p near the origin, and use (3.6). By taking the same value of & and points nzar
the origin and making use of (3.6), (3.9), and (3.10}, one derives that neither the
{r, 6)- nor the {r, ¢)-plane relaxation smooths well.

Consider now the (¢, 0)-plane relaxation, which according to the simple con-
siderations from the last section should be suitable for this problem. By neglecting
the imaginary parts in the the expressions for 4, to A, in (3.8} (which should be
reasonable, at least for grid points that are not very ciose to the singularities} and
calling the new quantities 4, to 4,, we obtain that

ﬁ hz\
q“’(r2+z’—)cos &,
A(9)= P p
q2<i.2 4>+cos—(1—cos@) Sm;qj«(l—cos@ﬁ

varies between 0 and 1, and consequently,

sup sup

F
peG, —m2<@<m2

For the other terms we obtain

GH(r*+hi/4)

su A, = {3.121
wkgsnzl 1= G+ 1] /4 + g7 isin’ ¢
- gHrt+ A% /4y
su Ayl =——— - —~. (2135
7n,'2<£$n'2 =l g (P + k2 j4) +cos b, 2 ’
and |4, <|4,|, |44 <|4,]. At every grid point, where
aHri+hl4)<qj/sin® ¢ and  gi(r*+hl/4)<cos(h,/2), (3.14)

we have |4,| <0.5 and |4,| <0.5. For example, if g< | and g <gq,. then we derive
from (3.6) and our last estimates that v(2) ~ 0.25 and v(3) = 0.32, which would iead
us to expect V{1, 1) convergence factors of about 0.063. However, the terms we
have neglected in the analysis play a role nar the singularities. For example, for
r=h, and @=(n/2,0,0) we obtain 4,=3%/ and /{47 {1 —A4,){/2=057.. for
v =2, This means that the global smoothing factor of this relaxation is at least 0.57
and that we actually copld not expect V(1, 1) convergence factors better than 0.3

Nevertheless, the simplifications we made in the analysis are only unreasonable ior
points lying one or two grid lines away from the singularities. Consequently, the
regions where these poorer smoothing factors are achieved are indeed very smali
and will get increasingly smaller with refinement of the grid. In case these local
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factors really influence the results, there is always the possibility of applying a few
local smoothing sweeps (at low cost, since they are local), then obtaining
convergence factors corresponding to the smoothing factors in the main part of the
domain, as argued by Brandt [7]. However, in our numerical results we do not
observe any significant influence of these locally worse smoothing factors, and
consequently, no local sweeps of relaxation are actually required.

3.4. Practical Implementation of Plane Relaxations; First Numerical Examples

We begin by considering examples where the mesh size relations are ¢, =1 and
g=mn/4. In this case the computational grid is almost uniform (all mesh sizes are’
similar) and we can expect a good performance by use of (¢, 8)-plane relaxation.
Figure 4 gives a representation through contour lines of the local smoothing factors
of plane relaxations. A numerical evaluation of these factors was performed,
without making any simplification in the formulas (3.8)—(3.10). Since the coef-

(PHIL, THETA)—RELAXATION (R.THETA) —RELAXATION

SOUTH POLE SOUTH POLE

(R.EPHID—REL AXATION

CONTOUR KEY

- 000000000
COONDUN AN =

-
COONDIUNE LN

SOoUTH POLE

FiG. 4. Representation of the smoothing factors (with v=2) of zebra plane relaxation in different
directions for a 16 x 64 x 128 grid with mesh size ratios g =n/4 and ¢, = 1.
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ficients of the Laplacian do not depend on the § variable, it is possible to give a
representation of all local smoothing factors in a two-dimensional picture. The full
three-dimensional representation would be obtained by rotating the given picture
around the pole axis. It can be secen that the factors for the (¢. 0)-relaxation le
between 0.2 and 0.3 almost everywhere, with the exception of a neighbourhood of
the origin where they become slightly worse, as already discussed in the last section.
The smoothing properties of the other relaxations are very poor. In most of the
domain they lie above 0.7 (everywhere above 0.4) and approach unity near the
origin. Before we present numerical results for the current example, we briefly
describe the implementation of the plane relaxations. We begin with

e (¢, 0)-zebra plane relaxations. Each (¢, §)-plane in the compuational
domain {including all grid points for a fixed value of r) corresponds to a spherica!l
surface on the physical domain. The discrete two-dimensional problem that has to
be solved on each plane is a (discretized) Helmholtz equation, with the Helmholtz
cocfficient determined by the radial coefficients of the 3D Laplacian and conse-
quently varying from plane to plane. These Helmholtz coefficients are relativeiy
small since the couplings of the 3D-operator in the other directions are strongly
dominant (which is actually the reason for needing this plane relaxation). The
Helmholtz equation on each plane is approximately solved with the aid of the
multigrid solver developed in Section 2. Actually, as alsc observed in [157, just a
rough solution of the equation is needed, a ¥V(1, 0)-cycle or a V{1, 1)-cycle of the
2D multigrid solver will be sufficient. The plane relaxation is performed zebrawise.
first at odd planes (including the origin and the boundary) and then at even planes.
The origin is actually a degenerated plane (for » =0} and soiving simultaneously for
ail equations there simply means the solution of Eq. (1.10) for the value ar the
origin,

e (r, 0)-zebra plane relaxation. Each (r, §)-plane (¢ fixed) corresponds ic a
conical surface on the physical domain. We again need to solve a Helmholiz equa-
t'on on each of these planes, with Helmholtz coefficients which depend cn ¢. The
equations are solved by one cycle of a muitigrid methed, whose components are as
foliows: It employs combined relaxation, with -line relaxation where gr < g,/sin ¢
and r-line relaxation elsewhere. The method uses standard coarsening, bilinear
interpolation as a coarse-to-fine operator, and full-weighting as the fine-to-coarse
operator.

For the values ¢ =0 and ¢ =n the planes degenerate to a radial line and the
simultaneous solution for all unknowns leads to a tridiagonal system, sclved by
Gauss elimination. The equation at the origin is relaxed separately and the value
there is used as a Dirichlet boundary condition for the problems on each plane.

s (r, p)-zebra plane relaxation. The planes now correspond to half discs in
the physical domain. The multigrid solver, used in the approximate solution of ths
corresponding Helmholtz equations for each plane, is based again on standard
coarsening, bilinear interpolation, full-weighting, and combined relaxation, which
now employs ¢-line relaxation where gr <1 and r-line relaxation elsewhere, The
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TABLE X
3D ¥(1, 1) Convergence Factors on a 16 x 64 x 128 Grid with Different Relaxations

Point rg6

Relaxation red-black f-line #-line r-line altern. line
Conv. factors 0.98 0.98 0.98 0.98 0.95
CPU (s/cycle) 1.14 1.45 1.72 142 3.68

Note. CPU times per multigrid cycle are given in seconds.

values at the singular axis are relaxed separately and are used as Dirichlet
boundary conditions in each plane relaxation.

We come now to the presentation of numerical results. Tables X and XI contains
numerically computed asymptotic V(1, 1) convergence factors based on the use of
several relaxations. Within each sweep of plane relaxation, one ¥(1,0) or V(1, 1)
cycle of the 2D multigrid methods is applied on each plane. All results are for the
case ¢ =n/4 and g,= 1, here represented by a 16 x 64 x 128 grid.

The experiments clearly show that relaxations of the wrong type or in the wrong
Airactinne nrndiica racultc that lia for awayu fram thaca swhinh ran he achiavaed b tha

-

1 1 [

tions and plane relaxations in the wrong directions produce very poor results.
Taking the plane relaxation in the correct direction produces a qualitative improve-
ment. We can also see that one 2D V(l, 1)-cycle inside the plane relaxation is
enough for good smoothing effects; in fact, nothing further is to be gained by exact
solution of the two-dimensional equations. By considering the computational costs,
one would even prefer to use the 2D F(1, 0)-cycles, which already give very good
convergence factors. We remark that the differences in computational costs among
the various line and plane relaxations are mainly due to the arrangement of the
computational data on the computer. Some line relaxations require much more
paging than others. One final remark is that a multigrid cycle with plane relaxation
is actually cheaper than one that uses alternating line relaxation.

TABLE XI

3D ¥(1, 1) Convergence Factors on a 16 x 64 x 128 Grid with
Zebra Plane Relaxations

Relaxation
2D Cycle-type (¢, 6)-plane (r, 8)-plane (r, ¢)-plane
¥(1,0) 0.115 (2.56) 0.98 (3.21) 0.95 (2.87)
11, 1) 0.073 (3.34) 0.98 (3.89) 0.95 (3.63)

Exact 0.072 (—) — —

Note. CPU times per multigrid cycle (in parenthesis) are given in seconds.
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Fig. 5. Representation of the smoothing factors (with v =2} of zebra plane relaxation in different
directions for 2 64 x 64 x 64 grid with mesh size ratios g == and g, =0.5.

3.5. A More Complex Example; Combined Relaxation in 3D

The grid used in the example of the last section was in accord with the hypothesis
we made, ¢ < 1, ¢ < g,, when deriving the good smoothing properties for the (¢, 6}-
plane relaxation. Consider now a 64 x 64 x 64 grid, for which g== and 4, =34.5.
Figure 5, which presents the smoothing factors of the three plane relaxations in this
case, shows that the situation is now completely different. We can see that none of
the considered relaxations provides good smoothing overall, their smoothing
factors approach unity in some region of the domain. Before analyzing the situation
closer, we present numerical experiments with the multigrid method in this case.
Tables X1I-XIV show convergence factors under use of several relaxation methods.

The numerical results confirm the smoothing analysis; none of the plane relaxa-
tions alone produces good convergence factors. Even the combination of plane
relaxations in two directions is not enough, only with the alternating plane relaxa-
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TABLE XII
3D F(1, 1) Convergence Factors on a 64 x 64 x 64 Grid with Different Relaxations

Point rgf
Relaxation Red-black #-line ¢-line r-line altern. line
Conv. factors 0.96 0.96 0.95 0.95 0.93
TABLE XIII

3D F(l, 1) Convergence Factors on a 64 x 64 x 64 Grid with Zebra Plane Relaxations

Relaxation
2D cycle-type (¢, 0)-plane (r, 8)-plane (r, §)-plane
V(1. 0) 0.88 095 0.95
V1. 1) 0.62 0.93 0.94
TABLE XIV

3D ¥(1, 1) Convergence Factors on a 64 x 64 x 64 Grid with Alternating Zebra Plane Relaxations

Altern. plane relaxation

2D cycle-type (4, 0)—(r, ¢} (¢, 0)—(r, 0) (r.O)y—~(r.8) (4,0)—(r,0)—(r,¢)
¥(1,0) 0.52 0.36 093 0.034
v(1,1) 0.47 0.36 091 0.039

tion in all directions are very good convergence factors obtained. This relaxation is,
however, very expensive, which motivates the search for more efficient alternatives.
In order to be able to reduce the computational costs (and still obtain good
convergence), we need to analyze more closely the smoothing factors.

Proceeding as in Section 3.2 (through neglecting the imaginary terms—of first
order—in (3.8)-(3.10)) and making some simplifications, we can determine the
regions where each plane relaxation smooths very well (with u(2) around 0.3).
These regions are '

for the (¢, 0)-plane relaxation, where

qr < gq,/sin ¢ and qgr<t; (3.15)
for the (r, 8)-plane relaxation, where

q,/sing =1 and qr>1; (3.16)
and for the (r, ¢)-plane relaxation, where

q,/5in ¢ < 1 and qr > ¢, sin ¢. (3.17)
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These regions are depicted in Fig. 5 (for the 64 x 64 x 64 grid), where we can alsc
see that we have used reasonable approximations when deriving (3.15)-(3.17).

Ideally, we would now subdivide the domain according to {3.15)-(3.17), and
restrict the application of each plane relaxation to the corresponding domain where
it smooths well. This is, however, not simple to implement.

Initially we will propose a first step in this direction by using a very simple
modification of the alternating plane relaxation, which nevertheless reduces the
computational work and still provides very good convergence factors. (This is a
direct extension to three dimensions of a technique we have used in [2]. cf the
remark at the end of Section 2.1.) The idea is to restrict the application of each of
the plane relaxations to planes where they give a good smoothing, at least in part
of it, according to (3.15)-(3.17). We will clarify this idea for the present example
(with g=m and ¢,=0.5). A sweep of the modified aliernating plane relaxation
{MPR) will comprise:

» (¢, B)-plane relaxation only for planes with r < {/7;
o (r, 9)-plane relaxation only for planes with sin ¢ < %;
e (r, ¢)-plane relaxation everywhere.

With this modification we reduce the total computational work (in the example
we are considering) by about 35% and obtain V{1, 1} convergence factors of 0.081.
These are still very good, although worse than those obtained with the full alter-
nating plane relaxation. Actually, there is no need for extremely fast convergence
factors, since values around 0.1 are all that is needed for solving the equations with
FMG (with only one cycle at each level) to the level of truncation errors. Besides
that, if we consider the computational work, we see that the MPR relaxation has
a better performance than the alternating plane relaxation (see Tables XV and
XVI).

However, we have still not achieved a full extension of the combined relaxation,
since the relaxations still have a high overlap. For example, the (r, ¢)-plane relaxa-
tion was applied in the whole sphere, although it is needed only in region (3.17).
Its application to all planes cannot, however, be aveided, since this relaxation is

TABLE XV

3D ¥(1. 1) Convergence Factors on a 64 x 64 x 64 Grid with Alternating
Zebra Plane Relaxation. with Modified Alternating Plane Relaxation
(MPR) and with Combined Relaxation {COR)

2D cycle Relaxation Altern. plane MPR COR

V(1. 0) Conv. factors 0.034 0.081 0.083
CPU (s/cycle) 1522 877 6.9

Vi1, 1) Conv. factors 0.039 0.081 0.090
CPU (s/cycle) 19.84 13.10 872

Note. CPU-times per cycle are given in seconds.

38192:26
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TABLE XVI

3D ¥(l1, 1) Convergence Factors per Comparative Work Unit

(CWU) on a 64 x 64 x 64 Grid with Alternating Zebra Plane

Relaxation, with Modified Alternating Plane Relaxation
(MPR), and with combined relaxation (COR)

Relaxation Altern. plane MPR COR
2D ¥(1, 0) 0.212 0.166 0.083
2D v, 1) 0.240 0.188 0.090

responsible for the smoothing in a part of each plane. What we need to do is to
restrict the size of each plane. In this way, we will save work not by treating fewer
planes, but smaller planes (with fewer unknowns).

The problems related to restricting the size of these planes are that the restriction
given by (3.17) is not logically rectangular (a rectangle in the computational
domain) and that the number of grid points in each direction after the restriction
may not be adequate for coarsening (which normally requires numbers related to
powers of two). The solution we propose is to aproximate the restricted region one
would like to use by a logically rectangular region such that it contains the
restricted region and it is suitable for coarsening.

Before giving a general description of this technique, let us illustrate it for the
(r, ¢)-plane relaxation in the present example. According to (3.17) we would ideally
restrict the relaxation on each plane to the region where sin ¢ > % and r > (27 sin §).
The smallest rectangle containing this region is R={(¢, 0)€e [n/6, 5n/6] x
[1/2%, 1]}. We substitute for R the rectangle R={(¢, 0)e [#/8, Tn/8]1x [, 1]},
= . . BN .

P P D ile b glag | ceat

problems on the restricted regions R, the values at the computational boundary
(except at points which lie on the physical boundary) are taken as Dirichlet
boundary conditions.

We describe now the extension of the combined relaxation to a general case. It
comprises the following steps:

» (¢, 8)-plane relaxation only for planes with r < 1/q.

e (r, 8)-plane relaxation only for planes with sin ¢ <¢, (only if region (3.16)
is nonempty). On each plane it is restricted to R= {(r, )€ [a, 1] x [0, 2r]}, with
a=b/8, b the largest integer such that a < 1/g.

e (1, #)-plane relaxation in all planes (only if region (3.17) is nonempty). On
each plane it is restricted to R= {(r,¢)e[c, 1]1x [er, (1—e)n]}, with c=d/8,
c<q,/q, e=f/16, e <arcsin ¢,, and the integers d and f taken as large as possible.

These new modifications bring an extra saving of about 30% in the computa-
tional costs in relation to the modified plane relaxation and essentially do not
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TABLE XVII

3D ¥(1.1) Convergence Factors with Combined (Plane) Relaxation (Using One
2D F(1, 0)-Cycle on Each Plane:

G G — 0.25 0.5 1.6 2.0

'8 Grid 16x128x64 16 x 128 % 128 8x64x128 8 x 64 x 256
0.068 0.059 0.068 0.046

Grid 8 x 64 x 32 8 x 64 x 64 4x32x54 4x32x128
0.064 0.056 0.061 0.043

4 Grid 32x128x64 16 x 64 x 64 16 x 64 x 128 16 x 64 x 256
0.039 0.072 0.i15 G.059

Grid 16x64x32 8% 32x32 8x32x64 8x32%128
0.046 0.06% 0.160 0.056

72 Gria 32x64x32 32 x 64 x 64 32x64x128 16 x32%128
0.087 0.097 0.141 0.065

Grid 16x32x16 16 x32x 32 16x32%x64 8x 16x 64
0.072 0.087 0.123 0.061

T Grid 64 x 32 x 32 64 x 64 x 64 32x32x64 32 x32x128
0.075 0.083 0.087 J.0€3

Grid  32x32x16 32x32x32 16x16x32 16x 16x64
0.058 0.065 0.078 0.045

change the convergence factors. Table XV gives convergence factors {p) and CPU
times with the use of these relaxations. To enable direct comparison between the
three relaxation strategies, we define CPU times for the muitigrid method with
combined relaxation as a “comparative work unit” (CWU) and calculate the con-
vergence factors per CWU (p"“WY), given in Table XVI.

Combined relaxation has made possible a saving of about 55% in computing
time in comparison to the alternating plane relaxation, while still furnishing Very
good convergence factors. The amount of economy it brings depends, of course, on
the particular grid being considered (for grids requiring plane relaxation in only
one direction, it actually coincides with this relaxation). Nevertheless, it has proved
to be very efficient in several different situations. A collection of representative
results is presented in the next section.

3.6. Further Numerical Examples; Full Multigrid Resuits

Table XVII contains a set of numerical experiments or several grid types.
. e ey

Lo 1 ___ .1 3 -

g

h-independence for multigrid methods can be observed. More cxperiments,
including tests with Dirichlet boundary conditions and solution of the equation on
a spherical gap, can be found in [3].

Table XVIII contains results related to the solution of the Poisson equation with
Neumann boundary conditions and an enforced solution equal tc sin x sin ysin Sz
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TABLE XVIII

Full Multigrid Results for an Exact Solution sin x sin y sin 5z

Exact error FMG error Error reduction
Grid Il (P [ I 2 CPU(s) ). (P
16 x 16 x 16 2.18-02 3.88-03 2.17-02 3.79-03 0.39 — —
32x32x32 5.44-03 8.95-04 5.07-03 8.49-04 1.52 4.01 4.34
64 x 64 x 64 1.37-03 2.17-04 1.22-03 1.97-04 8.84 3.97 4.12
8x16x32 2.11-02 3.94-03 2.07-02 3.86-03 0.31 — —
16 x32x64 5.12-03 8.66-04 5.22-03 8.93-04 1.21 4.12 4.55
32x64x128 1.29-03 2.05-04 1.41-03 2.23-04 7.04 397 422
4x16x%x32 2.58-02 6.85-03 2.58-02 6.86-03 0.16 — —
8§x32x64 7.06-03 1.39-03 6.69-03 1.30-03 0.57 3.65 493
16 x 64 x 128 1.81-03 3.08-04 1.72-03 2.95-04 3.30 3.90 4.51
8x8x32 5.53-02 1.44-02 5.53-02 1.44-02 0.21 — -—
16 x 16 x 64 1.92-02 3.32-03 1.94-02 3.21-03 0.69 2.88 4.34
32x32x128  4.63-03 7.64-04 4.61-03 7.66-04 373 4.15 4.35
8x16x16 2.32-02 4.34-03 2.25-02 4.15-03 0.28 — —
16 x32x32 5.77-03 9.59-04 5.44-03 9.33-04 0.96 4.02 4.53
32x 64 %64 1.44-03 2.27-04 1.31-03 2.16-04 4.95 4.01 4.22

We used a full multigrid procedure with just one 3D F(1, 1)-cycle on each grid level
for the solution of the equation to within truncation errors. Tricubic interpolation
is used in FMG to transfer solutions from coarser to finer levels. Combined relaxa-
tion (with 2D V{1, 0)-cycles) is employed in all tests. The results comprise five dif-
ferent grid types, with three grids in each class. The exact discretization errors and
the FMG errors (errors in relation to the exact solution after performing the FMG
algorithm) are calculated in the uniform and in L, norm. Error reduction factors
(for refinements of the grids within each grid class) are given; they confirm the
second order of the discretization. CPU times (in seconds) expended in the solution
of the equations are also included.

From the computational costs we can derive some conclusions on the efficiency
of the three-dimensional multigrid solver. The solution of the two-dimensional
Poisson equation (in Section 2) on a 256 x 128 grid required 0.453 s, while here we
need 3.3 s for a solution on a (four times larger) 16 x 64 x 128 grid. Using the linear
complexity of multigrid solvers, we can estimate that our 2D multigrid solver would
require 1.8 s for a solution on a grid of comparable size. This means that the three-
dimensional solver (which employs plane relaxations, with line relaxations within
them) is less than two times more expensive than the 2D solvers (which in turn are
competitive with fast direct solvers). To make a fairer comparison, however, we
should take into account that in three dimensions we deal with 7-point stars, in two
dimensions only with 5-point stars. We should actually use a multiplicative factor
of 7/5 in the estimations for the computing times for the 2D solver, which then lead
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to an estimate of 2.5s to solve the equations. The extra costs required by the 3D
solver now amount to only about a 30 % increase. This is valid for examples which
require plane relaxation in only one direction. Consider now the 64 x 64 x 64 grid,
with twice the number of grid points and a much more complicated anisotropy
pattern. The estimations of computing time for the two-dimensional solver lead
now to 5s, while we actually need 8.84 s with the 3D solver, representing 75%
more work. This corresponds roughly to the extra cost of using alternating line
relaxations instead of a single line relaxation in two-dimensional problems. The
conclusion is that, even in this rather involved case, the three-dimensional solver
(with combined relaxation) achieves an efficiency comparable to that of two-
dimensional multigrid solvers employing alternating line relaxations.

3.7. Semi-coarsening Strategies

For problems requiring plane relaxation in connection with standard coarsening,
semi-coarsening strategies offer an interesting alternative (e.g., [7]). an alternative
which may be simpler and even more efficient. The idea behind semi-coarsening is
simple: if a given relaxation does not smooth well in a certain direction, coarsening
in this direction should be avoided. In this way, it becomes unnecessary to smocth
the error in this particular direction and the given reiaxation is made suitable for
providing an effective multigrid method. This idea is especially attractive because it
may, in principle, make plane relaxation unnecessary.

However, when the anisotropy changes its direction inside the domain, the
application of semi-coarsening as a substitute for plane relaxation is nontrivial. In
this case, different coarsening directions should be employed in different parts of the
domain (according to local anisotropies), leading to complicated gnid structures.
The resulting schemes would resemble algebraic multigrid schemes {e.g. {127} One
can, instead, employ semi-coarsening as a complement to plane relaxation {8, 3]
The idea then is to coarsen the grid only in one direction and apply plane relaxa-
tion on the perpendicular directions, with the goal of obtaining a robust and
efficient method (cf. [9]). We feel, however, that neither of these approaches would
improve the results obtained with combined relaxation.

In fact, we have compared our multigrid method with the algebraic multigrid
solver AMGO! (a solver for symmetric positive definite problems, see [127), and
our solver proved to be faster. For example, a V{1, 1}-cycle of our scheme on 2
16 x 16 x 16 gnd (which leads to a complex anisotropy pattern} takes 0.22 CPU
seconds and has a convergence factor of 0.066. The same numbers for AMGET
are: 0.39 CPU seconds (precomputational costs not included) and a convergence
factor of 0.18. Similar results were obtained for other mesh size ratios (see [31)
Concerning the method proposed in [9] we car obtain rough estimates by
considering operation counts. We compare the number (say k) of multiplications,
divisions per grid point performed in one FMG-algorithm (with one V{1, 1}-cycls
on each grid level) for both methods. For grids with varying anisotropy direction
{with g =n, ¢, =0.5) we have k =80 for our scheme. This value of k& reduces o 62
for constant anisotropy direction. The number & given in [9] is 366 (setup costs
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excluded). We should, however, point out that the algorithm in [9] employs
Galerkin operators, which could be avoided for the problems considered here. A
more conclusive statement would require further investigation.

In the following, we restrict ourselves to cases with constant anisotropy direction
and investigate how semi-coarsening could improve our results. As an example, we
take grids with ¢ =n/4 and ¢, =1 (as in Section 3.2). In this case, we have seen that
using standard coarsening requires plane relaxation in just one direction; we are
essentially dealing with the last model case from Table IX. From the model problem
analysis we would derive that #-line relaxation together with (¢, 8)-semi-coarsening
(mesh sizes are doubled in the 6 and ¢ directions, but kept constant in the radial
direction) is an appropriate combination. A local mode analysis brings further
insight. For the mentioned relaxation and semi-coarsening we obtain

RN AT A |,
uonp= sup A g SO ek )
—n/2<O@ <2 ~

with pe G¥° and A, to A, given by (3.7). The difference between (3.6) and (3.18)
is due to the different coarsening strategies applied (see [3]).

We can now derive (making use of some simplifications) that §-zebra line relaxa-
tion smooths well (when using (¢, 6)-semi-coarsening) in cases where

g, =21 and q<q,, (3.19)

for which ¥(1, 1) convergence factors around 0.1 could be expected. Figure 6 shows
the smoothing factors (with v=2) for a 16 x 64 x 128 grid with mesh sizes satisfying
(3.19). These factors lie overall around 0.3. In Table XIX we present numerical
results for a multigrid method employing the analyzed combination of line relaxa-
tion and semi-coarsening on grids with the same mesh size relations (gq,=1,
g=mn/4). V(1,1) convergence factors (together with the number of grid levels
employed within the multigrid method) are given.

The results are quite disappointing. While for relatively coarse grids (with just
two or three grid levels within the multigrid cycle) there is still a correspondence
between predictions and results; we can observe a rapid deterioration of the
convergence factors when the grids are refined (and/or more grid levels are used).

TABLE XIX
3D ¥(1,1) Convergence Factors with Semi-Coarsening (g, = 1.
g=r/4)
Grid Grid levels Convergence factors
4x16 x32 2 0.079
8x32x64 3 0.15
16 x 64 x 128 4 0.35
16 x 64 x 128 5 0.60
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FIG. 6. Representation of the smoothing factors (with v =2} of §-iine re'axation in tonnection with
{¢. f)-semi-coarsening in severa! grids (with different mesh size ratios).

A kind of A-dependence is present here and the results seem to contradict the
smoothing analysis.

This is, however, not the case. A closer consideration of the smoothing analysis
actually explains what occurs here. Figure 6 shows, in addition to the smoothing
factors for the 16 x 64 x 128 grid treated in the numerical experiments, the facto
for a 16 x 32 x 64 grid (worse) and for a 16 x 16 x 32 grid (considerably worsel.
happens that these two other grids are the first two coarser grids for the first ons
under application of (¢, 6 }-semi-coarsening. The behavior of the anisotropy changes
completely when passing to the coarser grids; in particular, it now changes its
direction inside the domain, which does not happen on the finest grid. The semi-
coarsening produces a modification on the meshsize relation ¢ from n/4 to =/2
and then to = (g, remains 1). The combination of #-line relaxation and (¢, §}-semi-
coarsening ceases to be adequate on coarser grids.
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Semi-coarsening also has the potential to change the anistropy for the model case
au,+bu,, +cu_, with a<b<c,

for which z-line relaxation together with (p, z)-semi-coarsening is recommended.
Each step of the coarsening process causes a relative growth of a by a factor 4,
while keeping b and ¢ unchanged. If the number of levels on the multigrid process
is large enough, the point will be reached where a = » < ¢ and for even coarser grids
the anisotropy will be qualitatively different from that on the finest grid. There is
however a simple way of treating this problem. If we switch to standard coarsening
(keeping the same relaxation) when we reach the grid where axb <c, we will
achieve an effective method (since the z-line relaxation will smooth well in all direc-
tions on this grid and on all coarser ones, where the problem will keep the same
features, due to the change to standard coarsening). This combination of line
relaxation with semi-coarsening on finer grids and with standard coarsening on
coarser grids will not only solve the problem, but it will lead also to a method
which is more efficient than one employing standard coarsening and plane
relaxation.

The problem we are dealing with is, however, more complicated. When we reach
the point (coarser grid) where we should change strategy (actually very soon), we
cannot switch to standard coarsening and keep using line relaxation. Already on
the first coarse grid, much more accentuated on the second one, the anisotropy has
a change of direction inside the domain. The problem to solve on the coarser grid
is actually of a more complicated nature (in contrast to the model case) than the
problem on the finest grid, since it requires semi-coarsening in more than one direc-
tion or, alternatively, plane relaxation in more than one direction. In order to
achieve any gain by using semi-coarsening on the first one or two grids (and saving
the plane relaxation there), we have to handle these (more complicated) coarse grid
problems efficiently, since they actually occur on relatively fine grids.

TABLE XX

3D ¥F(l,1) Convergence Factors with the Combination of Semi- (on
Finer Levels) and Standard (on Coarser Levels) Coarsening

q ISC  gq,- 1.0 20
Grid 16 x 64 x 128 16 x 64 x 256
/4 0 0.115 (2.56) 0.059 (4.90)
1 0.114 (2.02) 0.068 (3.80)
2 0.179 (1.70) 0.109 (3.26)
3 035 (L61) 033 (3.11)
4 0.60 (L.60) 059 (3.09)

Note. LSC gives the number of finer grids on which semi-coarsening
is applied. CPU times per cycle (in parenthesis) are given in seconds.
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Fortunately, the multigrid solvers with standard coarsening and the combined
relaxation (instead of alternating plane relaxations which would be normally
required) give an efficient solution to these coarse grid problems. It is then possibie,
with a mixed strategy which combines line relaxation and semi-coarsening on the
first (one or two) finer grids with standard coarsening and combined relaxation on
the remaining coarser grids, to get an improvement in efficiency. This method is
about 20 to 30% faster than the multigrid solver with just standard coarsening and
plane relaxation and has similar convergence factors. Employing semi-coarsening
on even more grid levels causes a deterioration of the convergence factors and is
not recommended, as can be seen in Table XX. Numerical results with the use of
semi-coarsening on the first one to four grid levels (on the coarser leveis we then
switch to standard coarsening and combined relaxation) are presented. Results with
just standard coarsening (semi-coarsening on the first § levelsj are given for
comparison.

We have seen that semi-coarsening is an interesting option to improve efficiency,
at least for problems with constant anisotropy directions. However, it does not in
general eliminate the need for plane relaxations.

4. CONCLUSIONS

This work describes the development of multigrid methods for Poisson- and
Helmholtz-type equations on the sphere. The two-dimensional multigrid soivers
{for equations on the surface of a sphere) achieve the efficiency of speciaiised fast
direct solvers. Moreover, they present the advantages of better complexity {work
proportional to the number of unknowns) and broader applicability (e.g., [57). The
efficiency of this multigrid solver is maintained, even in the presence of varying
anisotropy direction. This is possible through the introduction of the new combined
relaxation method, which replaces the twice more expensive alternating line
relaxation.

The strong and varying anisotropy of the equations on the sphere pose difficulties
for the realization of efficient three-dimensional multigrid schemes. The use of piane
relaxations, implemented with aid of two-dimensional multigrid solvers, is required
for achieving an effective method. More complicated anisotropy patterns, which are
present for some grid choices, would even require alternating plane relaxations. A
detailed local Fourier analysis provides the guide lines to the extension of combined
relaxation to three dimensions; with this technique (instead of alternating plane
relaxations) the results are highly improved. The 3D solvers achieve an efficiency
comparable to that of two-dimensional multigrid schemes {for the solution of
problems of comparable difficulty).

The use of semi-coarsening strategies for three-dimensional problems with
varying anisotropies is also analyzed. The combination of it with the previcusly
developed techniques can make the solver even faster.
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The fast convergence of the multigrid methods (V(1,1) convergence factors
around 0.1 in all cases) is used to obtain a very efficient full multigrid procedure.
With just one F(1, 1) multigrid cycle on each grid level (within the FMG) the
equations are solved to below the level of the truncation errors.
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